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Abstract
We calculate the Wilson coefficients of all dimension 6 gluon operators with non
zero spin in the correlation function between two heavy vector currents. For the
twist-4 part, we first identify the three independent gluon operators, and then pro-
ceed with the calculation of the Wilson coefficients using the fixed point gauge.
Together with the previous calculation of the Wilson coefficients for the dimension
6 scalar gluon operators by Nikolaev and Radyushkin, our result completes the list
of all the Wilson coefficients of dimension 6 gluon operators in the correlation func-
tion between heavy vector currents. We apply our results to investigate the mass
of J/ψ in nuclear matter using QCD sum rules. Using an upper bound estimate on
the matrix elements of the dimension 6 gluon operators to linear order in density,
we find that the density dependent contribution from dimension 6 operators is less
than 40% of the dimension 4 operators with opposite sign. The final result gives
about −4 MeV mass shift for the charmonium at rest in nuclear matter.
Key words: QCD Sum rules, J/ψ, nuclear matter, OPE, Twist-4 gluon operator
PACS: 14.40.Lb; 12.38.Mh; 24.85.+p; 21.65+f
1 Introduction
Identifying higher twist operators and calculating their corresponding Wil-
son coefficients are very important in several aspects. First, these provide a
systematic building blocks to analyze the available data from deep inelastic
scattering(DIS) at lower Q2 region. Second, these contributions are essential
for a realistic generalization of QCD sum rule methods to finite baryon density.
The twist-4 operators were classified and its anomalous dimensions for some
of the operators were calculated by S. Gottlieb[1]. However, the operators
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were over-determined and the independent set of twist-4 operators appearing
in the DIS were first identified by Jaffe and Soldate[2], where the twist-4
operators are of four quark type and quark gluon mixed type. Among the uses
of these results, the available DIS data were analyzed to determine the nucleon
matrix elements of the twist-4 operators[3,4]. These estimates were then used
in generalizing the QCD sum rule approaches for light vector mesons to finite
density[5,6].
In the correlation function of two heavy vector currents, only gluon operators
contribute in the operator product expansion(OPE). This is so because in
the heavy quark system, all the heavy quark condensates are generated via
gluonic condensates[7–9]. In dimension 6, there are scalar operators, twist-2
and twist-4 operators. For the scalar gluonic operators at dimension 6, there
are two independent operators. In ref.[10], the two were identified and the
corresponding Wilson coefficient were calculated . For twist-2 gluon operator,
the calculation for the leading order(LO) Wilson coefficient is simple and its
matrix element is just the second moment of the gluon structure function.
The twist-4 dimension 6 gluon operators are more involved. In this work,
we have identified the three independent local gluon operators and calculated
their corresponding LO Wilson coefficients in the correlation function between
two heavy vector currents. This result is new and complimentary to a previous
work[11] on gluon twist-4 operators, where they start from certain diagrams
and identify the three independent twist-4 gluon structure functions. Together
with the previous calculation of the Wilson coefficients for the dimension 6
scalar gluon operators by Nikolaev and Radyushkin[10], our result completes
the list of all the Wilson coefficients of dimension 6 gluon operators in the
correlation function between heavy vector currents. As an application, we will
use our result in QCD sum rule approach to investigate the property of J/ψ
in nuclear matter.
This is particularly interesting because the on-going discussion of J/ψ sup-
pression in RHIC as a possible signal for quark gluon plasma[12], inevitably
requires a detailed knowledge of the changes of J/ψ properties in “normal”
nuclear matter[13]. Furthermore, the large charm quark mass mc ≫ ΛQCD
provides a natural renormalization point for which a perturbative QCD ex-
pansion is partly possible. In fact, studies have shown that the multi-gluon
exchange between a cc¯ pair and nucleons might induce a bound cc¯ state with
even light nuclei[14–20]. In such analysis, the low energy multi-gluon potential
was modeled either from the effective theory obtained in the infinitely large
mQ limit[16–18] or from extrapolating the high energy scattering via pomeron
exchange to lower energy[14]. Although both approaches, gave similar binding
for the J/ψ in nuclear matter, it is not clear how reliable these results are
unless one systematically calculates the corrections.
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In order to confirm this findings in an alternative but a systematic approach
and to establish a basis for further studies, we have previously applied the
QCD sum rules[7,8] to heavy quark system in nuclear medium and calculated
the mass of J/ψ and ηc in nuclear medium[21,22]. This was the generaliza-
tion of the sum rule method for the light vector mesons in medium[5] to the
heavy quark system. It was found that the mass of J/ψ (ηc) would reduce
by 7 MeV (5 MeV), which is indeed consistent with previous results based
on completely different methods[15,16,19,20]. However, it was not possible to
reliably estimate the uncertainties of the result, because the contribution from
the operator product expansion was truncated at the leading dimension 4 op-
erators. To overcome the limitations , we will here make use of our calculation
to include the complete dimension 6 contributions. Unfortunately, at present,
there is no data to identify the nucleon expectation value of any of the di-
mension 6 operators(scalar, twist-2, twist-4) nor is there any lattice result.
Nevertheless, in this article, we will estimate the nucleon matrix elements of
these operators and then use QCD sum rule approach to study the reliability
of our previous result on the mass shift of J/ψ in nuclear matter. If in the
future, the matrix elements are better known, we will be able to study the
non trivial momentum dependence of the J/ψ in nuclear medium, as has been
done for the light vector mesons[6]. The momentum dependence is especially
interesting because, there are inelastic channels opening when the charmo-
nium system is moving with respect to the medium. For example, when the
charmonium is moving with sufficient velocity, it will have enough energy to
interact with a nucleon to produce a D meson and a charmed nucleon. This
effect would be very important in relation to J/ψ suppression in RHIC.
In section 2 we characterize all gluon operator up to dimension 6 and obtain
identities to be used to reduce the operators to an independent set. In sec-
tion 3, we calculate the Wilson coefficients for the independent set of gluon
operators and show current conservation. In section 4, we calculate the mo-
ments and perform a moment sum rules analysis to calculate the J/ψ mass
in nuclear matter. We conclude with some discussions. The appendix includes
some detailed calculation of the Wilson coefficients.
2 Operators
In the operator product expansion of heavy quark system, only gluonic con-
densates are relevant. This is so because all the heavy quark condensates can
be related to the gluon condensates via heavy quark expansion [7–9]. This is
also true in nuclear medium since there are no valence charm quarks to leading
order in density and any interaction with the medium is gluonic. Let us start
by categorizing gluonic operators up to dimension 6, which does not vanish in
nuclear matter.
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For dimension 4 operators, the scalar and twist-2 gluon operators contribute
[21,22],
g2GaµνG
a
µν , g
2GaµαG
a
να. (1)
For dimension 6 operators, one can think of generating a number of gluon
operators constructed from three gluon fields Gaµν or two gluon fields with
two covariant derivatives. However, for scalar operators, there are only two
independent scalar operators[10]. They are,
g3fabcGaµνG
b
µαG
c
να, g
2GaµαG
a
να;νµ. (2)
The second operator can also be written in terms of four quark operator using
the equation of motion
Gaµν;ν = gq¯γµ
λa
2
q = gjaµ, (3)
As for the spin 2 operators in dimension 6, which are also called dimension
6 twist 4 (twist=dimension-spin) operator, we can first categorize possible
operators as follows. First, there is again one operator with three gluon field
strength tensor. Then, assuming the free symmetric and traceless indices to
be µ and ν, depending on whether or not the free index goes into the covariant
derivative, there are 6 more operators possible. Starting with the three gluon
operator, the 7 are,
g3fabcGaµκG
b
νλG
c
κλ ≡ g
3fG3µν
g2GaκλG
a
κλ;µν
g2GaµκG
a
νλ;κλ, g
2GaµκG
a
νκ;λλ, g
2GaµκG
a
νλ;λκ
g2GaµκG
a
κλ;λν , g
2GaκλG
a
µκ;λν . (4)
However, they are not independent. Using the identities in appendix A, one
can show that there are three independent spin-2 operators at dimension 6.
The set we will use are,
g2GaκλG
a
κλ;µν , g
2GaµκG
a
νλ;λκ, g
2GaµκG
a
κλ;λν. (5)
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It is interesting to note that in reference [11] starting from certain diagrams
with two, three and four gluon exchange in the t-channel, they were able
to derive three twist-4 gluon distribution amplitudes, from which one can
calculate the nucleon matrix element of the three independent operators.
As for the spin 4 dimension 6 operator, it is just the twist-2 gluon operator.
3 Polarization (OPE)
Having established the independent gluon operators in dimension 6, we will
calculate their LO Wilson coefficients in the correlation function between two
vector currents made of heavy quarks, jµ = h¯γµh.
Πµν(q)= i
∫
d4xeiqx〈T{jµ(x)jν(0)}〉ρ
= i
∫
d4xeiqx〈Tr [γµS(x, 0)γνS(0, x))]〉ρ
= i
∫
d4k
(2pi)4
〈Tr[ γµS(k + q)γνS˜(k)] 〉ρ, (6)
where 〈·〉ρ represents the expectation value at finite nuclear density ρ. The
fourier transforms are defined by
iS(p) =
∫
d4xeipx iS(x, 0)
iS˜(p) =
∫
d4xe−ipx iS(0, x). (7)
S(x, 0) is the heavy quark propagator in the presence of external gluon field
[23]. To calculate the Wilson coefficients, we obtain the quark propagator in
the presence of external gauge fields in the Fock-Schwinger gauge [10,23],
xµA
a
µ(x) = 0. (8)
In appendix C we list the momentum space representation of the quark prop-
agator multiplying the gauge invariant gluon operators. We will use these
quark propagators in eq.(6) and extract the Wilson coefficients by collecting
the appropriate tensor and gluon structures.
In general the polarization tensor in eq.(6) will have two invariant functions.
They can be divided into the longitudinal and transverse part of the external
three momentum, which are the following when the nuclear matter is at rest.
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ΠL =
1
k2
Π00, ΠT = −
1
2
(
1
q2
Πµµ +
1
k2
Π00), (9)
where q = (ω, k) is the external momentum.
In the vacuum or in the limit when k → 0 they become the same so that there
is only one invariant function
ΠL(ω
2) = ΠT (ω
2) =
−1
3ω2
gµνΠµν ≡ Π(ω
2). (10)
So in this work, we will construct the sum rule for Π(ω2) at k → 0 and nuclear
matter at rest. However, in the calculation of the OPE, we will start from the
general expression of eq.(6) at nonzero value of k and calculate each tensor
structure separately. This way, current conservation will be a nontrivial check
of our calculation and the generalization to k 6= 0 will be straightforward[24].
In the following subsections, we will summarize the OPE for operators of
dimension 4 and 6. The new results of the present work are the OPE for
dimension 6 spin 2 and dimension 6 spin 4 operators.
3.1 scalar contributions
Here we summarize the OPE of scalar operators of dimension 4 and dimension
6 used in the vacuum sum rule[10].
Πscalarµν (q) = (qµqν − gµνq
2)
[
Cpert. + C0G2〈g
2GaαβG
a
αβ〉
+C0G3〈g
3fabcGaαβG
b
βλG
c
λα〉+ C
0
j2〈g
4jaκj
a
κ〉
]
, (11)
where
C0
G2
=
1
48pi2(Q2)2
[−1 + 3J2 − 2J3],
C0
G3
=
1
72pi2(Q2)3
[
2
15
− 1
10
y + 4J2 − 31
3
J3 +
43
5
J4 − 12
5
J5
]
,
C0
j2
=
1
36pi2(Q2)3
[
41
45
− 3
5
y + (
2
3
+
1
3
y)J1 − J2 − 4
9
J3 − 26
15
J4 +
8
5
J5
]
, (12)
and
JN(y) =
1∫
0
dx
[1 + x(1− x)y]N
, (13)
6
with y = Q2/m2 and m being the heavy quark mass. This will give the fol-
lowing contribution to Π(ω2) defined in eq.(10).
Π(ω2) =Cpert. + C0G2〈g
2GaαβG
a
αβ〉+ C
0
G3〈g
3fabcGaαβG
b
βλG
c
λα〉
+C0j2〈g
4jaκj
a
κ〉. (14)
For later convenience, we will use g3fabcGaµνG
b
νλG
c
λµ =
1
2
g2GaµνG
a
µν;αα + g
4jaµj
a
µ
and rewrite the OPE as follows,
Π(ω2) =Cpert. + CG2〈
αs
pi
GaµνG
a
µν〉+ CGD2G〈
αs
pi
GaµνG
a
µν;κκ〉
+Cj2 ·
2
3
〈
αs
pi
GaακG
a
αλ;λκ〉, (15)
where
CG2 =
1
12(Q2)2
[−1 + 3J2 − 2J3],
CGD2G=
1
1080(Q2)3
[4− 3y + 120J2 − 310J3 + 258J4 − 72J5],
Cj2 =
1
1080(Q2)3
[(4− 3y + 120J2 − 310J3 + 258J4 − 72J5)
−180 + 120y − (120 + 60y)J1 − 300J2 + 1320J3 − 720J4]. (16)
Note Q2 = −ω2 in our kinematical limit.
3.2 dimension 4 spin 2 operator
This part has been calculated recently [21,22]. Here we summarize the results.
Π4,2µν (q)=
1
Q2
[
I2µν +
1
Q2
(qρqµI
2
ρν + qρqνI
2
ρµ)
+gµν
qρqσ
Q2
J 2ρσ +
qµqνqρqσ
Q4
(I2ρσ + J
2
ρσ)
]
, (17)
where
I2µν = 〈
αs
pi
GaσµG
a
σν〉
[
1
2
+ (1−
1
3
y)J1 −
3
2
J2
]
J 2µν = 〈
αs
pi
GaσµG
a
σν〉
[
−
7
6
+ (1 +
1
3
y)J1 −
1
2
J2 +
2
3
J3
]
. (18)
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3.3 contribution from dimension 6 and spin 4
The diagrams describing interactions with the gluonic field in dimension 6 are
shown in Fig 1.
The calculation for this part is straightforward. We substitute into eq.(6) parts
of the quark propagator containing D’s and G’s (summarized in appendix
C) so that when these from the two propagators are combined, yield terms
proportional to GDDG. In Fig.1, these come from Fig.1(c) to Fig.1(g). Then
we extract the traceless and symmetric spin-4 part of the operator GDDG.
The final result for the dimension 6 spin 4 part of the operators yields,
Π6,4µν (q)=
qκqλ
(Q2)3
[
I4κλµν +
1
Q2
(qρqµI
4
κλρν + qρqνI
4
κλρµ)
+gµν
qρqσ
Q2
J4κλρσ +
qµqνqρqσ
Q4
(I4κλρσ + J
4
κλρσ)
]
, (19)
where
I4µνρσ =
[
−
266
45
+
(
−
20
3
+
22
15
y
)
J1 +
138
5
J2 −
916
45
J3 +
16
3
J4
]
×〈
αs
pi
GaρκG
a
σκ;µν〉
J4µνρσ =
[
362
45
−
(
4 +
22
15
y
)
J1 −
94
15
J2 −
44
45
J3 +
16
3
J4 −
32
15
J5
]
×〈
αs
pi
GaρκG
a
σκ;µν〉. (20)
3.4 contributions from dimension 6 and spin 2
The calculation for this part goes in a similar way as in the previous subsection.
However, this time all the graphs in Fig.1 contribute. Moreover, we have to
include all possible combination of G and D’s that makes up dimension 6. We
then extract the spin 2 part of each operator and use the identities given in
the appendix to reduce the operators into the independent three in eq.(5). An
example needed to extract the spin 2 part from a general operator is given in
appendix D. Finally we find,
Π6,2µν (q)=
1
(Q2)2
[
I2µν +
1
Q2
(qρqµI
2
ρν + qρqνI
2
ρµ)
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(c)
(e) (g)
(d)
  (f)
(b)(a)
Fig. 1. 1-loop diagrams describing interactions with the gluonic field giving dimen-
sion 6 operators: The dashed line represents an external gluon field G and the dashed
line with n arrows represents an external gluon field with n derivatives DnG.
+gµν
qρqσ
Q2
J2ρσ +
qµqνqρqσ
Q4
(I2ρσ + J
2
ρσ)
]
, (21)
where
I2µν = 〈
αs
pi
GaκλG
a
κλ;µν〉
[
31
240
− 1
60
y +
(
13
24
+
1
48
y
)
J1 − 115
48
J2 +
21
8
J3 − 9
10
J4
]
+〈αs
pi
GaµκG
a
νλ;λκ〉
[
−739
720
+
2
15
y +
(
−9
8
+
3
16
y
)
J1 +
133
48
J2 +
1
72
J3 − 19
30
J4
]
+〈αs
pi
GaµκG
a
κλ;λν〉
[
293
240
− 3
10
y +
(
55
24
+
1
16
y
)
J1 − 131
16
J2 +
145
24
J3 − 41
30
J4
]
J2µν = 〈
αs
pi
GaκλG
a
κλ;µν〉
[
103
240
+
1
60
y +
(
5
24
− 7
48
y
)
J1 − 59
48
J2 +
31
24
J3 − 11
10
J4 +
2
5
J5
]
+〈αs
pi
GaµκG
a
νλ;λκ〉
[
71
240
− 2
15
y +
(
−1
8
+
1
48
y
)
J1 +
61
48
J2 − 61
24
J3 +
29
30
J4 +
2
15
J5
]
+〈αs
pi
GaµκG
a
κλ;λν〉
[
29
240
+
3
10
y −
(
1
24
+
7
16
y
)
J1 +
31
48
J2 − 23
24
J3 +
11
30
J4 − 2
15
J5
]
. (22)
There are few checks we can perform to verify our calculation. First, although
the polarization function in eq.(6) has only two invariant parts, we performed
the calculation directly leaving the indices µ, ν free. This means that we have
obtained and calculated the 6 different possible tensor structure, given in
appendix B, separately. Therefore, showing current conservation, qµΠµν =
qνΠµν = 0 is a non-trivial check. Another indirect check is that the final result
is regular at Q2 = 0. That is, making a small Q2 expansion one can show that
all the Wilson coefficients in eq.(18), eq.(20) and eq.(22) are regular.
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Eq.(11), eq.(17), eq.(19) and eq.(21) form the complete OPE up to dimension 6
operators. Since QCD is renormalizable, there are no other power correction up
to this dimension and the Wilson coefficients will be an asymptotic expansion
in 1/ logQ2. In the vacuum, only scalar operators will contribute. However, in
medium or when the expectation value is with respect to a nucleon state, the
tensor operators will also contribute. As an application of our result, we will
apply our OPE to the QCD sum rule analysis for the J/ψ in nuclear matter.
3.5 sum of tensor parts
As we discussed before we will take the nuclear matter to be at rest. Moreover,
we will use linear density approximation to evaluate the matrix elements,
〈·〉ρ = 〈·〉0 +
ρ
2mN
〈N | · |N〉 (23)
where 〈·〉0 is the vacuum expectation value, ρ is the nuclear density, mN
the nucleon mass, and the nucleon state |N〉 is normalized as 〈N |N〉 =
(2pi)32ωNδ
3(0). Then, the OPE from dimension 4 and dimension 6 operators
in eq.(17), eq.(19) and eq.(21) give the following contribution to Π.
Π(ω2) =Π4,2(ω
2) + Π6,2(ω
2) + Π6,4(ω
2)
=
ρ
2mN
[CG2G2 + (CXX + CY Y + CZZ) + CG4G4] , (24)
where
CG2 =
m2N
12(Q2)2
[9− (12 + 2y)J1 + 9J2 − 6J3],
CX =
m2N
240(Q2)3
[−85− 2y + (−70 + 25y)J1 + 365J2 − 390J3 + 252J4 − 72J5],
CY =
m2N
720(Q2)3
[25 + 48y + (270 − 45y)J1 − 1185J2 + 1370J3 − 408J4 − 72J5],
CZ =
m2N
240(Q2)3
[−95− 36y + (−130 + 75y)J1 + 375J2 − 190J3 + 16J4 + 24J5],
CG4 =
m4N
108(Q2)3
[205− (210 + 33y)J1 + 99J2 − 262J3 + 240J4 − 72J5], (25)
where again in our kinematical limit Q2 = −ω2 and the scalar parts of the
matrix elements in nuclear matter to leading density come from the following
nucleon expectation values,
〈N |
αs
pi
GaσµG
a
σν |N〉=G2 (pµpν −
1
4
m2Ngµν),
10
〈N |
αs
pi
GaκλG
a
κλ;µν |N〉=X (pµpν −
1
4
m2Ngµν),
〈N |
αs
pi
GaµκG
a
νλ;λκ|N〉= Y (pµpν −
1
4
m2Ngµν),
〈N |
αs
pi
GaµκG
a
κλ;λν |N〉=Z (pµpν −
1
4
m2Ngµν),
〈N |
αs
pi
GaµκG
a
νκ;αβ|N〉=G4
[
pµpνpαpβ +
m4N
48
(gµνgαβ + gµαgνβ + gµβgνα)
−
1
8
m2N (pµpνgαβ + pµpαgνβ + pµpβgαν
+pνpαgµβ + pνpβgµα + pαpβgµν)
]
.
(26)
Note that here we chose the nucleon four momentum to be p = (mN , 0, 0, 0).
We discuss the magnitudes of these nucleon matrix elements in section 4.
4 Moment sum rule for J/ψ at rest
4.1 moments
As an application of our result, we will use our result to refine our previous
work to calculate the mass shift of the J/ψ in nuclear medium[21] using the
moment sum rule [7,25]. The moments of the polarization function is defined
as,
Mn(Q
2
0) =
1
n!
(
−
d
dQ2
)n
Π(Q2)|Q2=Q20 . (27)
where in our kinematics, Q2 = −ω2. Direct evaluation of these moments using
the OPE gives, up to dimension 4 [25,21],
Mn(ξ) = A
V
n (ξ)
[
1 + an(ξ)αs + bn(ξ)φ
4
b + cn(ξ)φ
4
c
]
, (28)
where
φ4b =
4pi2
9
〈αs
pi
G2〉
(4m2c)
2
φ4c =
2pi2
3
G2
(4m2c)
2
mNρN (29)
11
and
AVn (ξ)=
3
4pi2
2n(n + 1)(n− 1)!
(2n+ 3)!!
(4m2)−n(1 + ξ)−n 2F1(n,
1
2
, n+
5
2
; ρ)
bn(ξ)=−
n(n + 1)(n+ 2)(n+ 3)
2n+ 5
(1 + ξ)−2 2
F1(n+ 2,−
1
2
, n+ 7
2
; ρ)
2F1(n,
1
2
, n+ 5
2
; ρ)
cn(ξ)= bn(ξ)−
4n(n+ 1)
3(2n+ 5)(1 + ξ)2
2F1(n + 1,
3
2
, n+ 7
2
; ρ)
2F1(n,
1
2
, n+ 5
2
; ρ)
(30)
with ξ =
Q20
4m2c
and ρ = ξ
1+ξ
. The factors multiplying the condensate in φ4b and
φ4c in eq.(29) are defined such that at n→∞ cn ∼ bn. Moreover, at this limit,
one notes that the contribution from dimension 4 is proportional to φ4b + φ
4
c ,
which in our kinematical limit originates from the following operator form.
φ4b + φ
4
c =
16pi2
9
〈α
pi
Gak0G
a
k0〉
(4m2c)
2
, (31)
where the operator does not have the trace part of the 00 index. That is,
the leading mass shift is proportional to the color electric field squared E2
and the effect coming from the magnetic field squared B2 disappears. This is
consistent with the non-relativistic picture at the infinite quark mass limit[16],
where the Zeeman effect is higher order in αs compared to the Stark effect.
The dimension 6 operators contribute to the moment as follows,
∆M6n(ξ)=A
V
n (ξ)
[
sn(ξ)φ
6
s + tn(ξ)φ
6
t + xn(ξ)φ
6
x
+yn(ξ)φ
6
y + zn(ξ)φ
6
z + g4n(ξ)φ
6
g4
]
, (32)
where
φ6s =
4pi2
3 · 1080
〈αs
pi
GaµνG
a
µν;κκ〉
(4m2c)
3
φ6t =
(
2
3
)
4pi2
3 · 1080
〈αs
pi
GaακG
a
αλ;λκ〉
(4m2c)
3
, (33)
come from the scalar operators and
φ6x=
(
9m2N
2
)
4pi2
3 · 1080
X
(4m2c)
3
ρ
2mN
φ6y =
(
3m2N
2
)
4pi2
3 · 1080
Y
(4m2c)
3
ρ
2mN
12
φ6z =
(
3m2N
2
)
4pi2
3 · 1080
Z
(4m2c)
3
ρ
2mN
φ6g4 =(10m
4
N)
4pi2
3 · 1080
G4
(4m2c)
3
ρ
2mN
, (34)
are from tensor operators. Note here again that we have put in the prefactors
in eq.(33) and eq.(34) such that in the large n limit, all the Wilson coefficients
become the same. Specifically, the Wilson coefficients are,
sn(ξ)=σn(ξ)fn(0, 0; 120,−310, 258,−72)
tn(ξ)= sn(ξ) + σn(ξ)fn(−120,−60;−300, 1320,−720)
xn(ξ)= sn(ξ) + σn(ξ)fn(−70, 25; 245,−80,−6)
yn(ξ)= sn(ξ) + σn(ξ)fn(270,−45;−1305, 1680,−666)
zn(ξ)= sn(ξ) + σn(ξ)fn(390,−225;−1245, 880,−306)
g4n(ξ)= sn(ξ) + σn(ξ)fn(−210,−33;−21, 48,−18), (35)
where
σn(ξ) =
(
−8
1 + ξ
)
n(n+ 2)
(2n+ 5)(2n+ 7)
(36)
and
fn(c1, c2; a2, a3, · · · , ak)
≡
(
c1, c2, a2, a3, · · · , ak
)


(n+ 3) 2
F1(n+1,
1
2
,n+ 9
2
;ρ)
2F1(n,
1
2
,n+ 5
2
;ρ)
−2(2n + 7) 2
F1(n+1,
1
2
,n+ 7
2
;ρ)
2F1(n,
1
2
,n+ 5
2
;ρ)
(n+ 3)(n+ 4) 2
F1(n+1,− 12 ,n+ 92 ;ρ)
2F1(n,
1
2
,n+ 5
2
;ρ)
(n+3)(n+4)(n+5)
2!
2F1(n+1,− 32 ,n+ 92 ;ρ)
2F1(n,
1
2
,n+ 5
2
;ρ)
...
(n+3)(n+4)···(n+k+2)
(k−1)!
2F1(n+1,−k+ 32 ,n+ 92 ;ρ)
2F1(n,
1
2
,n+ 5
2
;ρ)


. (37)
These functions can be read off from the polarizations which are expressed in
terms of linear combinations of the JN(y)’s. See appendix G.
4.2 estimation of matrix elements
Here, we summarize the parameters and matrix elements appearing in our sum
rule. As in ref.[21,25], we will choose the normalization point to be Q2 = 4m2c ;
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i.e. ξ = 1. Hence, we will use[21]
αs(8m
2
c) = 0.21, mc = 1.24GeV. (38)
For the matrix elements, we will use linear density approximation in eq.(23)
with mN = 0.93 GeV and the nuclear matter density to be ρ0 = 0.17/fm
3.
4.2.1 scalar operators
There are one scalar operator in dimension 4 and two in dimension 6.
(1) 〈αs
pi
G2〉ρ
The density dependence of the scalar gluon condensate is obtained from
the trace anomaly relation in the chiral limit which to leading order in
αs is, θ
µ
µ = −
9αs
8pi
GaµνG
a
µν . Taking the nucleon expectation value, we find,
〈
αs
pi
G2〉ρ= 〈
αs
pi
G2〉0 −
8
9
m0Nρ
≃ (0.35GeV)4
(
1− a1
ρ
ρ0
)
. (39)
We used m0N = 750 MeV for the nucleon mass in the chiral limit[26] to
estimate
a1 =
8m0Nρ0
9〈αs
pi
G2〉0
≃ 0.058. (40)
(2) 〈αs
pi
GaµνG
a
µα;αν〉ρ = (−
1
4pi2
)〈g4j2〉ρ
Where we have used the equation of motion in eq.(3) to rewrite the
gluon operator in terms of quark operators.
This is a four quark operator. Hence to estimate the nuclear matter
expectation value, we use ground state saturation hypothesis, where one
can factor out the four quark operator in terms of independent two quark
operator and take their ground state expectation value[7,27]. This is a
generalization of vacuum dominance hypothesis(VDH) in the vacuum[7].
Hence,
〈j2〉ρ=−
N2c − 1
2 · 42 ·Nc
{
〈q¯q〉2ρTr[γµγµ]
+〈q¯q〉ρ〈q¯γκq〉ρTr[γµγ
κγµ + γ
κγµγµ]
+〈q¯γκq〉ρ〈q¯γλq〉ρTr[γ
κγµγ
λγµ]
}
= (−
1
3
)
[
gµµ〈q¯q〉
2
ρ + 2〈q¯γµq〉ρ〈q¯γµq〉ρ − gµµ〈q¯γλq〉ρ〈q¯γλq〉ρ
]
= (−
1
3
)
[
4〈q¯q〉2ρ − 2〈q¯γλq〉ρ〈q¯γλq〉ρ
]
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≃−
4
3
·
{
〈q¯q〉20 +
2σN〈q¯q〉0
mu +md
ρ
}
=−
4
3
〈q¯q〉20
(
1− a2
ρ
ρ0
)
≃ −(0.24GeV)6
(
1− a2
ρ
ρ0
)
, (41)
with
a2 =
−2σNρ0
(mu +md)〈q¯q〉0
≃ 0.69. (42)
In getting this, we first note,
〈q¯γµq〉ρ = 〈q¯ 6uq〉ρuµ = 〈q
†q〉ρuµ ∝ ρ gµ0, (43)
where we have introduced the four vector uµ to represent the nuclear
matter, which in our case is u = (1, 0, 0, 0). We used this in eq.(41) and
neglected terms proportional to ρ2 . Other values taken in eq.(41) are,
〈q¯q〉0 = (−0.23 GeV)
3 and 2σN
mu+md
= 0.09/0.014[5]. Finally, we have,
〈
αs
pi
GaµνG
a
µα;αν〉ρ=
(
−
1
4pi2
)
〈g4j2〉ρ
=
(
−
1
4pi2
)
〈g4j2〉0
(
1− a2
ρ
ρ0
)
=(0.23GeV)6
(
1− a2
ρ
ρ0
)
, (44)
It should be noted that here we have used a larger value of αs = 0.7
compared to the perturbative value in eq.(38)[10].
(3) 〈αs
pi
GaµνG
a
µν;αα〉ρ
Using the identities in the appendix, one can rewrite the operator in
terms of the three gluon operator and the four quark operator. 1
2pi2
〈g3G3−
g4j2〉ρ. For the four quark operator, we use the previous result. For the
density dependence of the three gluon operator, we assume that the fol-
lowing ratio is constant to linear order in density.
R =
〈g3G3〉
2/3
0
〈g2G2〉0
=
〈g3G3〉2/3ρ
〈g2G2〉ρ
, (45)
This, together with the previous results on the density dependence of the
gluon condensate and the four quark operator, we find,
〈
αs
pi
GaµνG
a
µν;αα〉ρ=
1
2pi2
〈g3G3 − g4j2〉0
=
1
2pi2
〈g3G3〉0(1−
3
2
a1
ρ
ρ0
)−
1
2pi2
〈g4j2〉0(1− a2
ρ
ρ0
)
= (0.60GeV)6
(
1− a3
ρ
ρ0
)
(46)
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where
a3 =
3
2
a1〈g
3G3〉0 − a2〈g
4j2〉0
〈g3G3 − g4j2〉0
≃ 0.154 (47)
4.2.2 twist-2 operators
For the twist-2 gluonic operators, we have
G2n = −(−i)
2n−2αs
pi
AG2n, (48)
where
AGn (µ
2) = 2
1∫
0
dx xn−1G(x, µ2). (49)
We take AG2 (8m
2
c) ≃ 0.9 and A
G
4 (8m
2
c) ≃ 0.02 [28].
4.2.3 twist-4 operators: dimension 6
Here, there are three independent operators given in eq.(26) and contributing
to φ6x, φ
6
y, φ
6
z.
(1) 〈N |αs
pi
GaκλG
a
κλ;µν |N〉
This operator can be considered to be the second moment of the gluon
condensate. For this operator we assume
〈N |
αs
pi
GaκλG
a
κλ;µν |N〉= (pµpν −
1
4
gµνm
2
N )× (−)
AG4
AG2
〈N |
αs
pi
G2|N〉
= (pµpν −
1
4
gµνm
2
N )×
0.02
0.9
·
(
+2mN
8
9
m0N
)
= (pµpν −
1
4
gµνm
2
N )× (
0.32
8.1
)mNm
0
N . (50)
Therefore,
X = (
0.32
8.1
)mNm
0
N . (51)
(2) 〈N |GµκGνλ;λκ|N〉 = (−
1
4pi2
)〈g4jµjν〉ρ
Here, we have used the equation motion again to change this operator
to four quark operator. However, this operator is traceless and symmet-
ric. Consider the nuclear matter expectation value of this operator, it
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becomes, S.T .〈g4jaµj
a
ν 〉ρ = 〈g
4jaµj
a
ν 〉ρ−
1
4
gµν〈g
4jaλj
a
λ〉ρ. Assume the ground
state saturation hypothesis again,
〈jaµj
a
ν 〉ρ=−
N2c − 1
2 · 42 ·Nc
{
〈q¯q〉2ρTr[γµγν]
+〈q¯q〉ρ〈q¯γκq〉ρTr[γµγ
κγν + γ
κγµγν]
+〈q¯γκq〉ρ〈q¯γλq〉ρTr[γ
κγµγ
λγν ]
}
=(−
1
3
)
[
gµν〈q¯q〉
2
ρ + 2〈q¯γµq〉ρ〈q¯γνq〉ρ − gµν〈q¯γλq〉ρ〈q¯γλq〉ρ
]
〈jaν j
a
ν 〉ρ=(−
1
3
)
[
4〈q¯q〉2ρ − 2〈q¯γλq〉ρ〈q¯γλq〉ρ
]
. (52)
So
S.T .〈jaµj
a
ν 〉ρ=−
2
3
〈q¯γµq〉ρ〈q¯γνq〉ρ +
1
6
gµν〈q¯γλq〉ρ〈q¯γλq〉ρ. (53)
Using eq.(43),
S.T .〈jaµj
a
ν 〉ρ=
1
6
〈q†q〉2ρ(u
2gµν − 4uµuν) ∼ ρ
2, (54)
Hence,
Y = 0 (55)
(3) 〈N |αs
pi
GaµκG
a
κλ;λν|N〉
Here we use the equation of motion once. Then one finds that the
operator has similar structure to a twist-4 quark gluon mixed operator
appearing in the twist-4 contribution in deep inelastic scattering[2].
〈N |GaµκG
a
κλ;λν |N〉= 〈N |q¯γκ[Dν , Gµκ]q|N〉
≃ 〈N |iq¯{Dµ,
∗Fνλ}γλγ5q|N〉
=
3
2
〈N |iu¯γκγ5{Dν ,
∗Fµκ}u|N〉
= (pµpν −
1
4
gµνm
2
N ) ·
3
2
Kgu. (56)
Here, Kgu is a parameter introduced in ref.[3,4] to fit the available deep
inelastic scattering data. The fit gives, −0.3GeV2 < Kgu < −0.2GeV
2.
With this one finds,
Z ≃ (0.097GeV)2. (57)
In Table 1, we summarize values of the re-scaled condensates in Eq. (29),(33)
and (34) in the vacuum and at normal nuclear matter density.
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Table 1
Expectation values of normalized gluon operators in the vacuum and at normal
nuclear matter density
Element φ4b φ
4
c φ
6
s φ
6
t
in vacuum 1.67 × 10−3 0 1.66 × 10−7 1.65× 10−8
in matter 1.58 × 10−3 −1.53 × 10−5 1.28 × 10−7 6.50× 10−9
change −9.70× 10−5 −1.53 × 10−5 −3.88 × 10−8 −1.00× 10−8
Element φ6x φ
6
y φ
6
z φ
6
g4
in vacuum 0 0 0 0
in matter 1.67 × 10−8 0 4.27 × 10−10 −1.69× 10−9
change 1.67 × 10−8 0 4.27 × 10−10 −1.69× 10−9
4.3 numerical analysis
The polarization function Π satisfies the following energy dispersion relation.
Π(ω2) =
1
pi
∫
ds
ImΠ(s)
s− ω2
. (58)
In the vacuum, the spectral density (ImΠ(s)) consists of the J/ψ pole, the
contribution from the excited states ψ′ and the DD¯ continuum. The contribu-
tion from the J/ψ and the low-lying resonances can be approximated by delta
functions inside the dispersion integral. This is so because the J/ψ mass lies
below the continuum threshold and is dominated by electromagnetic decays.
This is also true in nuclear matter for a J/ψ at rest. The inelastic channels
opening due to the scattering of the J/ψ + N → Λc(2.28) + D¯(1.87) is for-
bidden by kinematics. All other processes are OZI rule violating. Hence, the
delta function approximation for the J/ψ is also good in the nuclear medium.
ImΠ(s) = fδ(s−m2J/ψ) + f
′δ(s−m2ψ′) + .. (59)
The second term just represents a generic excited state contribution. Substi-
tuting eq.(59) into the dispersion relation, taking the moments and taking the
ratio between the (n− 1)th and the nth moment, one finds,
Mn−1(Q2)
Mn(Q2)
= (m2J/ψ +Q
2)×
(
1 + δn−1
1 + δn
)
(60)
where
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δn =
f ′
f
(
m2J/ψ +Q
2
m2ψ′ +Q
2
)n+1
. (61)
Substituting the vacuum values for the excited states, one finds that the ratio
1+δn−1
1+δn
goes to 1 for n > 5. Hence, the mass is determined from the relation in
eq.(60) at Q2 = 4m2c .
1 .
m2J/ψ =
Mn−1(4m2c)
Mn(4m2c)
− 4m2c (62)
As before[21], we analyze this equation as a function of n. In Fig.2(a) , we plot
the previous result, which includes the contribution only up to dimension 4[21].
In Fig.2(b), we plot the present result which includes the total dimension 6
contribution. As can be seen from the comparison, the minimum occurs again
at similar n value and the change from the vacuum results are also similar.
We avoid fine tuning of the bare charm quark mass mc to fit the vacuum J/ψ
mass to its vacuum value, because we are only interested in the shift of the
J/ψ mass, which is almost independent of this fine tuning.
6 7 8 9 10
n
3.10
3.20
3.30
m
J/
ψ
  medium
  vacuum
(a)
6 7 8 9 10
n
3.10
3.20
3.30
m
J/
ψ
  medium
  vacuum
(b)
Fig. 2. The mass of J/ψ in GeV determined from the plot of eq.(62) for different
n at ξ = 1. We compare the result in normal nuclear matter (solid line) with the
vacuum result (dashed line). (a) refers to the previous calculation, which includes
only dimension 4 operators. (b) is the present calculation which includes all the
dimension 6 operators.
Comparing the two graphs, one notes that the minimum occurs at the same n
value and the graphs looks similar. Comparing the changes from the vacuum
curve and the medium curve at the minimum point, we find
∆mJ/ψ ≃ −4MeV. (63)
1 The determination at different value of Q2 was found to be not significant[22]
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This mass shift is smaller than our previous calculation including dimension 4
only. The main reason for a smaller mass shift compared to including dimen-
sion 4 only is as follows. In the vacuum, the dimension 6 operators tend to
cancel the dimension 4 operators[10]. This tendency is not only true but more
effective in the medium. Therefore, including dimension 6 effects in medium
would effectively correspond to a smaller change in the dimension 4 operators
in our previous analysis in ref[21]. This implies a smaller mass shift. Below,
we will try to elaborate on this point and to explain the interplay of each
contribution.
• In Fig.3, we plot the contributions from dimension 4 and dimension 6 op-
erators to the moments both in the vacuum and in nuclear medium. As
expected, the dimension 6 contributions are smaller compared to dimension
4[21]. Nevertheless, one notes that both in the vacuum and in the nuclear
medium, their contributions are opposite to each other so that the contri-
bution from dimension 6 operators tend to cancel the contributions from
dimension 4 operators.
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Fig. 3. Contributions from dimension 4 and dimension 6 operators to the moments
both in the vacuum and in the nuclear medium in GeV−2n.
• The mass shift is coming from the changes in the contributions from each di-
mension. Hence, for comparison, in Fig.4, we plot the contributions coming
from each dimension in the vacuum and in the nuclear medium. One notes
that effectively, each contributions becomes smaller in nuclear medium.
Numerically, the ratio between the changes in dimension 4 operators and
dimension 6 operators are roughly given by (dimension 4 : dimension 6
≃ 3 : 1).
• The changes in dimension 4 operators are dominated by the changes in the
scalar gluon condensate[21]. This is evident by comparing φ4b and φ
4
c in table
1. The comparison between φ4b and φ
4
c is enough to compare its contribution
to the moments, because the Wilson coefficients multiplying them are the
same in the large n limit. Moreover, bn = cn ∝ n
3 and bn− cn ∝ n such that
bn ∼ cn at moderate n.
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Fig. 4. Contribution to the moments in the vacuum and in the nuclear medium from
(a) dimension 4 operators and (b) dimension 6 operators.
That is not quite so for the dimension 6 operators. Here, the Wilson
coefficients multiplying φ6x, ..’s given in eq.(34) are also defined such that
they are equal in the large n limit and are proportional to n5. However, the
difference in the Wilson coefficients differ by only one power of n, that is,
the difference between Wilson coefficients are of order n4. Therefore, the
Wilson coefficients are substantially different at the value of our interest,
which is smaller than n = 10, and become similar only at very large value of
n > 100. Hence, we will analyze each contribution from dimension 6 more
in detail to identify the important contributions.
In Fig.5 (a), we have plotted the density dependent part of the scalar,
twist-2 and twist-4 contributions. As can be seen, the important contribu-
tions are the scalar operators. And among the scalar operators, the contri-
butions coming from φ6t is more important than that from φ
6
s. It should be
noted that this is so because of the relatively large Wilson coefficients at
small n values. The relative importance among the scalar operators are the
same also in the vacuum. The next important set of operators are the twist-
4 operators. In Fig.5 (b), we plot the contributions from twist-4 operators,
which has no vacuum expectation values. The most important contribution
is coming from 〈GaµνG
a
µν;αβ〉, which contributes to φ
6
x. Here, the Wilson co-
efficients are similar at least among the twist-4 operators and the relative
importance can be read off from Table 1.
• We finally compare the dominant contributions from dimension 4 and di-
mension 6 operators to the moments. In Fig. 6 (a), we show the total con-
tributions of the scalar dimension 4 and scalar dimension 6 operators to
the moments. As can be seen from the figure, the dominant contributions
from dimension 6 operators have opposite sign from dimension 4 operator
and reduces its contribution. This reduction is enhanced for the density de-
pendent part. This is shown in Fig. 6 (b). The reason why the change in
the dimension 6 operator are greater is clear. The gluon condensate eq.(39),
which is the dominant dim 4 operator, changes in nuclear matter only by 6
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Fig. 5. (a) shows the contributions from the density dependent part of the dimension
6 scalar , twist-4 and twist-2 operators to the moments. (b) shows the individual
contributions of the twist-4 operators.
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Fig. 6. (a) shows the important contributions to the moments coming from scalar
operators of dimension 4 and dimension 6. (b) shows the density dependent part of
(a), i.e. the density dependent changes in the condensates.
%, whereas, the scalar four quark condensate eq.(41), which is the dominant
dim 6 operator, changes by almost 70%. Therefore, although the Wilson co-
efficients are smaller for dimension 6 operator, the density dependent part
of dimension 6 operator are large such that it cancels the the contribution
from dimension 4 operator non-trivially.
Hence, the reason why the mass shift gets smaller compared to just tak-
ing into account dimension 4 operators is because the density dependent
changes coming from dimension 4 and dimension 6 operators tend to cancel
each other. Therefore, taking into account dimension 6 operators would ef-
fectively be equal to a smaller change in the dimension 4 condensate in the
previous result[21], which would have given a smaller mass shift.
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5 Conclusion
In this paper we have calculated the OPE of the correlation function between
two vector currents made of heavy quarks up to dimension 6 operators with
any tensor structure. The formidable task was to categorize and calculate the
corresponding Wilson coefficients of dimension 6 twist-4 gluon operators. This
is a first attempt to establish the three independent twist-4 gluon operators
in terms of operator basis.
Using this result, we have applied our OPE to analyze the mass shift of J/ψ
in nuclear medium using QCD moment sum rules for the heavy quark system.
This is a generalization of our previous result[21], where we calculated the
mass shift using the OPE only up to dimension 4 operators. Unfortunately, the
nucleon expectation values of the dimension 6 operators are not as reliable as
the dimension 4 operators. Nevertheless, using an order of magnitude estimate
for the matrix elements, we find that the mass of J/ψ would decrease by
about 4 MeV in the nuclear medium. This is 3 MeV smaller than the previous
result on including only dimension 4 operators, and shows that the dimension
6 effect is about 40% correction of the dimension 4 effects and goes in the
opposite direction. This result seems consistent with the notion that the higher
dimensional correction in the vacuum QCD sum rule for the heavy quark
system goes like (G2/m4c)
K
in the rn =
Mn(ξ=0)
Mn−1(ξ=0)
with alternating signs with
K[29]. This also seems to be true in medium and the true mass shift is expected
to lie between −4 and −7 MeV.
The resulting value of mass shift, is also consistent with the more recent esti-
mates using a totally different approach[17,18]. This is a result for a J/ψ at
rest with respect to the nuclear medium. However, since we have calculated
the OPE for a general external four momentum, our results can be easily and
reliably generalized to study the moving J/ψ[24] and also to finite tempera-
ture[30], which would be also interesting in relation to the ongoing discussion
of J/ψ suppression in RHIC due to a comover model.
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A Identities for spin-2 dimension 6 gluon operators
The spin-2 dimension 6 gluon operators in eq.(4) are not independent. The
following relations holds among them.
Gaκλ;µG
a
νκ;λ=G
a
κλ;µ ·
1
2
(Gaλν;κ +G
a
νκ;λ) = −
1
2
Gaκλ;µG
a
κλ;ν (A.1)
Gaµκ;λG
a
κλ;ν =
1
2
(
Gaλµ;κ +G
a
µκ;λ
)
·Gaκλ;ν = −
1
2
Gaκλ;µG
a
κλ;ν (A.2)
Gaµκ;νG
a
κλ;λ=−G
a
µκ;νλG
a
κλ = −(G
a
µκ;λν + gf
abcGbµκG
c
νλ)G
a
κλ
= (−)gfG3µν +G
a
µκ;λG
a
κλ;ν
Or,
gfG3µν =G
a
µκ;λG
a
κλ;ν −G
a
µκ;νG
a
κλ;λ
=−
(
1
2
Gaκλ;µG
a
κλ;ν +G
a
µκ;νG
a
κλ;λ
)
(A.3)
Gaκλ;λG
a
µκ;ν =−G
a
κλ;λνG
a
µκ = −
(
Gaκλ;νλ + gf
abcGbκλG
c
λν
)
Gaµκ
=+Gaκλ;νG
a
µκ;λ − gG
3
µν = G
a
µκ;νG
a
κλ;λ (A.4)
Gaµκ;λG
a
νλ;κ=−G
a
µκ;λκG
a
νλ = −
(
Gaµκ;κλ + gf
abcGbµκG
c
λκ
)
Gaνλ
=Gaµκ;κG
a
νλ;λ − gG
3
µν
=Gaµκ;κG
a
νλ;λ +
1
2
Gaκλ;µG
a
κλ;ν +G
a
µκ;νG
a
κλ;λ (A.5)
Gaµκ;λG
a
νκ;λ=−G
a
µκ;λλG
a
νκ = −g
(
2fabcGbµλG
c
κλ + j
a
µ;κ − j
a
κ;µ
)
Gaνκ
= (−2)gG3µν + g
2jaµj
a
ν − gj
a
κG
a
νκ;µ
=Gaκλ;µG
a
κλ;ν + 2G
a
µκ;νG
a
κλ;λ + g
2jaµj
a
ν −G
a
µκ;νG
a
κλ;λ
=Gaµκ;νG
a
κλ;λ + g
2jaµj
a
ν +G
a
κλ;µG
a
κλ;ν (A.6)
Using these, one can reduce the operators in eq.(4) to the three independent
operators in eq.(5).
B Current Conservation in the Polarization Operators
Let us consider the polarization of vector currents defined in eq.(6). When the
current is Hermitian, i.e. jµ = j
†
µ, the contribution from spin-2 dimension 4
operator can in general be written in terms of the following four independent
terms.
Πµν(q) =
1
Q2
[
θ1µν +
qαqβqµqν
Q4
θ2αβ +
qαqν
Q2
θ3µα +
qαqµ
Q2
θ3να + gµν
qαqβ
Q2
θ4αβ
]
(B.1)
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Imposing current conservation, on finds,
θ1µν = θ
3
µν
θ2µν = θ
1
µν + θ
4
µν (B.2)
Similar relations holds for higher dimensional operator. This is the operator
form of showing the existence of two independent polarization directions in
medium for eq.(6).
Summarizing similar relations for different spins and dimensions, we have
(1) dimension 4 and spin 2
Π4,2µν (q) =
1
Q2
[
I2µν +
1
Q2
(qρqµI2ρν + qρqνI2ρµ) + gµν
qρqσ
Q2
J 2ρσ +
qµqνqρqσ
Q4
(I2ρσ + J 2ρσ)
]
(2) dimension 6 and spin 2
Π6,2µν (q) =
1
(Q2)2
[
I2µν +
1
Q2
(qρqµI
2
ρν + qρqνI
2
ρµ) + gµν
qρqσ
Q2
J2ρσ +
qµqνqρqσ
Q4
(I2ρσ + J
2
ρσ)
]
(3) dimension 6 and spin 4
Π6,4µν (q) =
qκqλ
(Q2)3
[
I4κλµν +
1
Q2
(qρqµI
4
κλρν + qρqνI
4
κλρµ) + gµν
qρqσ
Q2
J4κλρσ
+
qµqνqρqσ
Q4
(I4κλρσ + J
4
κλρσ)
]
C Propagators
Here we summarize the quark propagator in the presence of the external gauge
field in the fixed point gauge[23].
iS(p) ≡
∫
d4xeipx iS(x, 0)
= iS(0)(p) +
∫
d4xeipx g
∫
d4ziS(0)(x− z)i 6A(z)iS(0)(z)
+
∫
d4xeipx g2
∫
d4z′d4ziS(0)(x− z′)i 6A(z′)iS(0)(z′ − z)i 6A(z)iS(0)(z)
+ · · · (C.1)
and
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iS˜(p)≡
∫
d4xe−ipx iS(0, x). (C.2)
In the fixed point gauge, we write the field in terms of covariant operators,
Aµ(x) =
1
2 · 0!
xρGρµ(0) +
1
3 · 1!
xαxρ (DαGρµ(0))
+
1
4 · 2!
xαxβxρ (DαDβGρµ(0)) + · · · (C.3)
Collecting terms, we can write the full propagator in terms of gauge covariant
fields. A few symbols are used for convenience:
xˆα ≡ −i
→
∂
∂p
,
←
xα≡ i
←
∂
∂p
, (C.4)
and
{α, β} =
1
6p−m
γα
1
6p−m
γβ
1
6p−m
{α, β, σ} =
1
6p−m
γα
1
6p−m
γβ
1
6p−m
γσ
1
6p−m
..., (C.5)
and P (α, β, γ...) means sum of all possible permutations in α, β, γ....
Here we simply list the propagators.
(1) iS(0)(p) = iS˜(0)(p)
=
i
6p−m
(2) iSG(p) = iS˜G(p)
= iS(0)(p) i(γβ ·
1
2
xˆαGαβ) iS
(0)(p) =
1
2
Gαβ{β, α}
= iS(0)(p) i(γβ ·
1
2
←
xα Gαβ) iS
(0)(p) = −
1
2
Gαβ{α, β}
(3) iSG2(p) = iS˜G2(p)
= iS(0)(p) i(γβ ·
1
2
xˆαGαβ) iS
(0)(p) i(γσ ·
1
2
xˆρGρσ) iS
(0)(p)
26
=−
i
4
GαβGρσ
[
{β, α, σ, ρ} + {β, σ, P (α, ρ)}
]
= iS(0)(p) i(γβ ·
1
2
←
xα Gαβ) iS
(0)(p) i(γσ ·
1
2
←
xρ Gρσ) iS
(0)(p)
=−
i
4
GαβGρσ
[
{α, β, ρ, σ} + {P (α, ρ), β, σ}
]
(4) As for G3 part,
• iSG3(p)
= iS(0)(p) i(γβ
1
2
xˆαGαβ) iS
(0)(p) i(γσ
1
2
xˆρGρσ) iS
(0)(p) i(γλ
1
2
xˆκGκλ) iS
(0)(p)
= −1
8
GαβGρσGκλ
[
{β, α, σ, ρ, λ, κ}+ {β, α, σ, λ, P (ρ, κ)}
+ {β, σ, P (α, ρ), λ, κ}+ {β, σ, ρ, λ, P (α, κ)}
+ {β, σ, α, λ, P (ρ, κ)}+ {β, σ, λ, P (α, ρ, κ)}
]
• iS˜G3(p)
= iS(0)(p) i(γβ
1
2
←
xαGαβ) iS
(0)(p) i(γσ
1
2
←
x ρGρσ) iS
(0)(p) i(γλ
1
2
←
xκGκλ) iS
(0)(p)
=
1
8
GαβGρσGκλ
[
{α, β, ρ, σ, κ, λ}+ {P (α, ρ), β, σ, κ, λ}
+ {α, β, P (κ, ρ), σ, λ}+ {P (α, κ, ρ), β, σ, λ}
+ {P (α, ρ), β, κ, σ, λ}+ {P (α, κ), β, ρ, σ, λ}
]
(5) As for DG part,
• iSDG(p)
= iS(0)(p) i(γσ ·
1
3
xˆαxˆβDαGβσ) iS
(0)(p)
=
i
3
DαGβσ{σ, P (α, β)}
• iS˜DG(p)
= iS(0)(p) i(γσ ·
1
3
←
xα
←
xβDαGβσ) iS
(0)(p)
=
i
3
DαGβσ{P (α, β), σ}
(6) As for D2G part,
• iSD2G(p)
= iS(0)(p) i(γσ ·
1
8
xˆαxˆβxˆνDαDβGνσ) iS
(0)(p)
=−
1
8
DαDβGνσ{σ, P (α, β, ν)}
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• iS˜D2G(p)
= iS(0)(p) i(γσ ·
1
8
←
xα
←
xβ
←
xνDαDβGνσ) iS
(0)(p)
=+
1
8
DαDβGνσ{P (α, β, ν), σ}
(7) As for (DG)2 part,
• iS(DG)2(p)
= iS(0)(p) i(γκ · 1
3
xˆαxˆβDαGβκ) iS
(0)(p) i(γλ ·
1
3
xˆρxˆσDρGσλ) iS
(0)(p)
=
i
9
DαGβκDρGσλ
[
{κ, P (α, β), λ, P (ρ, σ)}
+ {κ, α, λ, P (β, ρ, σ)} + {κ, β, λ, P (α, ρ, σ)} + {κ, λ, P (α, β, ρ, σ)}
]
• iS˜(DG)2(p)
= iS(0)(p) i(γκ · 1
3
←
xα
←
xβDαGβκ) iS
(0)(p) i(γλ ·
1
3
←
x ρ
←
xσDρGσλ) iS
(0)(p)
=
i
9
DαGβκDρGσλ
[
{P (α, β), κ, P (ρ, σ), λ}
+ {P (α, β, ρ), κ, σ, λ}+ {P (α, β, σ), κ, ρ, λ}+ {P (α, β, ρ, σ), κ, λ}
]
(8) As for GD2G part,
• iSGD2G(p)
= iS(0)(p) i(γβ ·
1
2
xˆαGαβ) iS
(0)(p) i(γσ ·
1
8
xˆρxˆκxˆλDρDκGλσ) iS
(0)
=
i
16
GαβDρDκGλσ
[
{β, α, σ, P (ρ, κ, λ)} + {β, σ, P (α, ρ, κ, λ)}
]
• iS˜GD2G(p)
= iS(0)(p) i(γβ ·
1
2
←
xαGαβ) iS
(0)(p) i(γσ ·
1
8
←
xρ
←
xκ
←
xλDρDκGλσ) iS
(0)
=
i
16
GαβDρDκGλσ
[
{α, β, P (ρ, κ, λ), σ} + {P (α, ρ), β, P (κ, λ), σ}
+ {P (α, κ), β, P (ρ, λ), σ} + {P (α, λ), β, P (κ, ρ), σ}
+ {P (α, κ, λ), β, ρ, σ} + {P (α, ρ, λ), β, κ, σ}
+ {P (α, κ, ρ), β, λ, σ} + {P (α, ρ, κ, λ), β, σ}
]
(9) As for D2GG part,
• iSD2GG(p)
= iS(0)(p) i(γσ ·
1
8
xˆρxˆκxˆλDρDκGλσ) iS
(0)(p) i(γβ ·
1
2
xˆαGαβ) iS
(0)(p)
=
i
16
DρDκGλσGαβ
[
{σ, P (ρ, κ, λ), β, α} + {σ, P (κ, λ), β, P (α, ρ)}
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+ {σ, ρ, β, P (κ, λ, α)} + {σ, β, P (ρ, κ, λ, α)}
+ {σ, P (κ, ρ), β, P (α, λ)} + {σ, κ, β, P (α, λ, ρ)}
+ {σ, P (λ, ρ), β, P (α, κ)} + {σ, λ, β, P (ρ, α, κ)}
]
• iS˜D2GG(p)
= iS(0)(p) i(γσ ·
1
8
←
xρ
←
xκ
←
xλDρDκGλσ) iS
(0)(p) i(γβ ·
1
2
←
xαGαβ) iS
(0)(p)
=
i
16
DρDκGλσGαβ
[
{P (ρ, κ, λ), σ, α, β} + {P (ρ, κ, λ, α), σ, β}
]
D spin structure of operators of dimension 6
In computing the Wilson coefficients we used the following reduction of the
Lorentz indices to the spin-2 operators.
fabcGaµνG
b
αβG
c
ρσ =Aµαcνρβσ −Aµβcνρασ − Aναcµρβσ + Aνβcµρασ
−Aµρcνασβ + Aµσcναρβ + Aνρcµασβ − Aνσcµαρβ
+Aαρcβµσν − Aασcβµρν − Aβρcαµσν + Aβσcαµρν (D.1)
Gaµ1ν1G
a
µ2ν2;αβ
=Kαβcµ1µ2ν1ν2
+Pβµ1cαµ2ν1ν2 − Pβν1cαµ2µ1ν2
+ Jαµ2cβµ1ν2ν1 − Jαν2cβµ1µ2ν1
+Qβµ2cαµ1ν2ν1 −Qβν2cαµ1µ2ν1
+Wαµ1cβµ2ν1ν2 −Wαν1cβµ2µ1ν2
+Lµ1µ2dβν1αν2 − Lν1µ2dβµ1αν2
− Lµ1ν2dβν1αµ2 + Lν1ν2dβµ1αµ2
+Mµ1µ2dβαν1ν2 −Mν1µ2dαβµ1ν2
−Mµ1ν2dαβν1µ2 +Mν1ν2dαβµ1µ2
+Tµ1µ2dβν2αν1 − Tν1µ2dβν2αµ1
− Tµ1ν2dβµ2αν1 + Tν1ν2dβµ2αµ1 , (D.2)
where
cαβµν ≡ gαβgµν − gανgµβ,
dαβµν ≡ gαβgµν (D.3)
and, if we take 3 operators, ddgg1 ≡ GaκλG
a
κλ;µν , ddgg2 ≡ −g
2jaµj
a
ν , and
ddgg3 ≡ GaµκG
a
κλ;λν as our basis, we get
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A = (ddgg1 + 2ddgg3)/4,
K = 2P = 2J = (13ddgg1 + ddgg2 + 19ddgg3)/80,
Q = W = (−27ddgg1 + ddgg2− 61ddgg3)/160,
L = (4ddgg1 + 3ddgg2 + 7ddgg3)/40,
M = (29ddgg1 + 13ddgg2 + 47ddgg3)/160,
T = (−6ddgg1 + 3ddgg2− 13ddgg3)/40. (D.4)
As for the spin 4 part, we have a simpler reduction:
Gaµ1ν1G
a
µ2ν2;αβ =Wαβµ1µ2gν1ν2 +Wαβν1ν2gµ1µ2
−Wαβµ1ν2gν1µ2 −Wαβν1µ2gµ1ν2, (D.5)
where
Wαβµ1µ2 =
1
2
Gaµ1κG
a
µ2κ;αβ
. (D.6)
E Integrations with respect to Feynman Parameter
In general, after Feynman integration, one can write the polarizations in terms
of linear sums of J ’s defined in eq.(13).
Π(q) = Q−a [ a0J0 + a1J1 + a2J2 + · · · + akJk] . (E.1)
To reduce the polarization function into this final form, we use the following
steps and identities.
After the Feynman integral, the polarization function will be a sum of Imn’s:
ImnN (Q
2, m2) ≡
1∫
0
dx
xn(1− x)m
[m2 +Q2x(1− x)]N
= InmN (Q
2, m2) (E.2)
We then follow the following steps.
(1) Imn can be expressed in terms of InN ≡ I
nn
N using the following identity.
xn + (1− x)n = 1−
{
nC1x
n−1(1− x) +n C2xn−2(1 − x)2 + · · ·+n Ckxn−k(1− x)k
+ · · ·+n Cn−1x(1− x)n−1
}
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= 1−nC1{xn−1(1 − x) + x(1− x)n−1}
−nC2{xn−2(1− x)2 + x2(1− x)n−2} − · · ·
= 1−nC1 x(1− x)
{
xn−2 + (1− x)n−2
}
−nC2 x2(1− x)2
{
xn−4 + (1− x)n−4
}
− · · ·
(2) Then we can reduce InN to I
0
N ≡ IN using I
n
N =
1
Q2
(In−1N−1 − m
2In−1N ) =
1
Q2
In−1N−1 −
1
y
In−1N−1
(3) We then introduce the dimensionless function JN(y) =
(
Q2
y
)N
IN , where
y = Q2/m2.
(4) Finally, we use the recurrence relation.
y JN(y) =
2
N − 1
+
4N − 6
N − 1
JN−1(y)− 4JN(y) (E.3)
(5) We can also integrate explicitly,
JN (y) =
(2N − 3)!!
(N − 1)!
[(
s− 1
2s
)N √
s log
√
s+ 1√
s− 1 +
N−1∑
k=1
(k − 1)!
(2k − 1)!!
(
s− 1
2s
)N−k]
, (E.4)
where s = 1 + 4/y.
F An example: evaluation of a diagram
Diagram 1a: We show the evaluation of the Feynman diagrams here. The
first diagram in Fig. 1 is taken as an example.
i
∫
d4k
(2pi)4
Tr
[
γµS
(0)(k + q)γν S˜G3 (k)
]
= i
∫
d4k
(2pi)4
Tr
[
γµ
1
6k+ 6q −mγν
(−i
8
)
GaαβG
b
ρσG
c
κλt
atbtc
[
{α, β, ρ, σ, κ, λ}+ {P (α, ρ), β, σ, κ, λ}
+ {α, β, P (κ, ρ), σ, λ}+ {P (α, κ, ρ), β, σ, λ}+ {P (α, ρ), β, κ, σ, λ}+ {P (α, κ), β, ρ, σ, λ}
]]
=
1
8
i
4
(
fabcGaαβG
b
ρσG
c
κλ
)∫ d4k
(2pi)4
1
(k + q)2 −m2Tr
[
γµ(6k+ 6q +m)γν
×
[
{α, β, ρ, σ, κ, λ}+ {P (α, ρ), β, σ, κ, λ} + {α, β, P (κ, ρ), σ, λ}
+ {P (α, κ, ρ), β, σ, λ}+ {P (α, ρ), β, κ, σ, λ}+ {P (α, κ), β, ρ, σ, λ}
]]
=
1
8
i
4
(
Aµαcνρβσ −Aµβcνρασ − Aναcµρβσ +Aνβcµρασ − Aµρcνασβ +Aµσcναρβ
+ Aνρcµασβ − Aνσcµαρβ +Aαρcβµσν − Aασcβµρν −Aβρcαµσν + Aβσcαµρν
)
×
∫
d4k
(2pi)4
1
(k + q)2 −m2
1
(k2 −m2)7Tr
[
γµ(6k+ 6q +m)γν
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×
{
(6k +m)γα(6k +m)γβ (6k +m)γρ(6k +m)γσ(6k +m)γκ(6k +m)γλ(6k +m) + · · ·
}]
≡ i
∫
d4k
(2pi)4
1
(k + q)2 −m2
1
(k2 −m2)7 f1a(k)
= i
∫
d4k
(2pi)4

 1∫
0
dx
x6
[{k + (1− x)q}2 − s2]8
Γ(8)
Γ(7)

 f1a(k)
=
i
8
1∫
0
dx
∫
d4l
(2pi)4
1
[l2 − s2]8
Γ(8)
Γ(7)
[{
− 28
3
l8 +
(
116
3
m2 − 220
3
q2t2
)
l6
+
(
−148
3
m4 +
416
3
m2q2t2 − 268
3
q4t4
)
l4 +
(
20m6 − 60m4q2t2 + 60m2q4t4 − 20q6t6
)
l2
}
Aµν
+
{
(−640t3 + 896t4)l4 + (640m2t3 − 768m2t4)l2
−128m4(t3 − t4) + 256m2q2(t5 − t6)− 128q4(t7 − t8)
}
qµqνqαqβAαβ
+
{
− 140
3
tl6 +
(
464
3
m2t+
400
3
m2t2 +
80
3
q2t3
)
l4
+(−148m4t− 112m4t2 + 96m2q2t3 + 296m2q2t4 + 116q4t5 − 184q4t6)l2
+(40t + 24t2)m6 − (56q2t3 − 72q2t4)m4 + (−8q4t5 + 72q4t6)m2 + 24q6(t7 − t8)
}
gµνqαqβAαβ
+
{(
140
3
t− 40t2
)
l6 + (−464
3
m2t+
560
3
m2t2)l4
+(148m4t − 176m4t2 − 416m2q2t3 + 472m2q2t4 + 268q4t5 − 296q4t6)l2
−40m6(t− t2) + 120m4q2(t3 − t4)− 120m2q4(t5 − t6) + 40q6(t7 − t8)
}
(qµqαAαν + qνqαAαµ)
]
= Aµν
pi2
Q4
(
7
3
− y + (1
3
+
1
6
y)J1 − 8
3
J2
)
+gµνqαqβAαβ
pi2
Q6
(
5
3
+ y − (2 + y)J1 − 9J2 + 52
3
J3 − 8J4
)
+qµqνqαqβAαβ
pi2
Q8
(
68
3
− (8 + 4y)J1 − 36J2 + 88
3
J3 − 8J4
)
+(qµqαAαν + qνqα)Aαµ
pi2
Q6
(
23
3
− y − ( 2
3
+
1
3
y)J1 − 41
3
J2 +
20
3
J3
)
(F.1)
G Moments in terms of Hypergeometric Functions 2F1
In order to obtain moments written in terms of hypergeometric functions 2F1
from polarizations eq.(E.1), we expand the polarizations in terms of Q2/m2.
Here we divide a0 and a1 into a0 = d1 + d2y and a1 = c1 + c2y. The other
higher coefficients, a2, a3, · · · , ak don’t contain y, where y = Q
2/m2.
Π(q) = Q−a
[
a0 + (c1 + c2y)
1∫
0
dx
[1 + x(1 − x)Q2/m2] + a2
1∫
0
dx
[1 + x(1− x)Q2/m2]2 +
.
..
+ak
1∫
0
dx
[1 + x(1− x)Q2/m2]k
]
= Q−a
[
a0 + (c1 + c2y)
1∫
0
dx
∞∑
j=0
{−x(1− x)}j Q
2j
m2j
+a2
1∫
0
dx
∞∑
j=0
{−x(1− x)}j (1 + j)!
j!
Q2j
m2j
+
...
+ak
1∫
0
dx
∞∑
j=0
{−x(1− x)}j (k − 1 + j)!
(k − 1)!j!
Q2j
m2j
]
= Q−a
∞∑
j=1
[
c1
1∫
0
dx(−1)jxj(1 − x)j Q
2j
m2j
+ a2
1∫
0
dx(−1)jxj(1− x)j(1 + j)Q
2j
m2j
+
..
.
+ak
1∫
0
dx(−1)jxj(1− x)j (k − 1 + j)!
(k − 1)!j!
Q2j
m2j
− c2
1∫
0
dx(−1)jxj−1(1− x)j−1 Q
2j
m2j
]
=
∞∑
j=a/2
(−)a/2−1
1∫
0
dx {x(1− x)}j−1 (−Q
2)j−a/2
m2j
[
− x(1− x)
{
c1 + a2(1 + j)
+
a3
2!
(1 + j)(2 + j) + · · · + ak
(k − 1)!
k−1∏
l=1
(l + j)
}
+ c2
]
(G.1)
Now the n’s moment Mn can be obtained from above by differentiation.
Mn(Q0) =
1
n!
(
− d
dQ2
)n
Π(Q2)
= (−)a/2 1
(4m2)a/2+n
1
(1 + ξ)n+1
[
c1d1 + c2d2
+
1
2
{
a2
Γ
(
1
2
)
Γ
(
n+ a
2
+ 2
)
Γ
(
n+ a+3
2
) 2F1(n+ 1,−1
2
, n+
a+ 3
2
;
ξ
1 + ξ
)
+
a3
2!
Γ
(
1
2
)
Γ
(
n+ a
2
+ 3
)
Γ
(
n+ a+3
2
) 2F1(n+ 1,−3
2
, n+
a+ 3
2
;
ξ
1 + ξ
)
+
a4
3!
Γ
(
1
2
)
Γ
(
n+ a
2
+ 4
)
Γ
(
n+ a+3
2
) 2F1(n+ 1,−5
2
, n+
a+ 3
2
;
ξ
1 + ξ
)
+ · · ·
+
ak
(k − 1)!
Γ
(
1
2
)
Γ
(
n+ a
2
+ k
)
Γ
(
n+ a+3
2
) 2F1(n+ 1,−k + 3
2
, n+
a+ 3
2
;
ξ
1 + ξ
)
}
=
1
(4m2)a/2+n
1
(1 + ξ)n+1
(−)a/2Γ(1/2)
2Γ(n + a+3
2
)
Γ
(
n+
a
2
)(
c1, c2, a2, a3, · · · , ak
)
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×

(n+ a
2
)/0! 2F1(n+ 1,
1
2
, n+ a+3
2
; ρ)
−2(2n+ a+ 1) 2F1(n+ 1, 12 , n+ a+12 ; ρ)
(n+ a
2
)(n + a+2
2
)/1! 2F1(n+ 1,− 12 , n+ a+32 ; ρ)
(n+ a
2
)(n + a+2
2
)(n+ a+4
2
)/2! 2F1(n+ 1,− 32 , n+ a+32 ; ρ)
.
..
(n+ a
2
)(n + a+2
2
) · · · (n+ a
2
+ k − 1)/(k − 1)! 2F1(n+ 1,−k + 32 , n+ a+32 ; ρ)


(G.2)
where

 d1
d2

 =

 12
Γ[1/2] Γ[n+(a+2)/2]
Γ[n+(a+3)/2] 2
F1(n+ 1,
1
2
, n+ a+3
2
; ξ
1+ξ
)
−2Γ[1/2] Γ[n+a/2]
Γ[n+(a+1)/2] 2
F1(n+ 1,
1
2
, n+ a+1
2
; ξ
1+ξ
)

 . (G.3)
As an example, when ξ = 0 and a = 6, we have,
Mn(Q
2
0, ξ = 0) =
(−1)
(4m2c)
n+3
[
c1
1
2
Γ
(
1
2
)
Γ (n+ 4)
Γ
(
n+ 9
2
) + c2(−2)Γ
(
1
2
)
Γ(n+ 3)
(
n+ 7
2
)
Γ
(
n+ 9
2
) +
+
1
2
{
a2
Γ
(
1
2
)
Γ (n+ 5)
Γ
(
n+ 9
2
) + a3
2!
Γ
(
1
2
)
Γ (n+ 6)
Γ
(
n+ 9
2
) + · · · + ak
(k − 1)!
Γ
(
1
2
)
Γ (n+ k + 3)
Γ
(
n+ 9
2
) }
]
=
(−1)
(4m2c)
n+3
2n+3(n+ 2)!
(2n+ 7)!!
(
c1, c2, a2, a3, · · · , ak
)


(n+ 3)/0!
−2(2n + 7)
(n+ 3)(n + 4)/1!
(n+ 3)(n + 4)(n+ 5)/2!
..
.
(n+2+k)!
(n+2)!
/(k − 1)!


=
M0n
(4m2c)
3
[
25pi2
3
−n(n+ 2)
(2n+ 5)(2n + 7)
](
c1, c2, a2, · · · , ak
)


(n+ 3)/0!
−2(2n + 7)
(n+ 3)(n+ 4)/1!
(n+ 3)(n + 4)(n + 5)/2!
...
(n+2+k)!
(n+2)!
/(k − 1)!


,
(G.4)
where M0n = 3× 2n(n+ 1)(n− 1)!/(4pi2(2n+ 3)!!(4m2c)n) = An(ξ = 0).
H Consistency check
As discussed in the text, there are few checks we can perform to confirm our
calculation. The first is the current conservation, which we checked explicitly.
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The second is the regularity at Q2 = 0. This can be checked from the following
equation.
Π(q) =
∞∑
j=a/2
(−)a/2−1
1∫
0
dx {x(1− x)}j−1 (−Q
2)j−a/2
m2j
[
− x(1− x)
{
c1 + a2(1 + j)
+
a3
2!
(1 + j)(2 + j) + · · · + ak
(k − 1)!
k−1∏
l=1
(l + j)
}
+ c2
]
(H.1)
holds only after making the following checks:
• j = 0
0 = d1 + c1 + a2 + a3 + · · · + ak
• j = 1
0 = c2 + d2 +
1∫
0
dx {−x(1− x)} {c1 + 2a2 + 3a3 + · · · + kak}
• j = 2
0 =
1∫
0
dx {−x(1− x)} c2 +
1∫
0
dx {−x(1− x)}2
{
c1 + · · · +
k(k + 1)
2
ak
}
• j = 3
0 =
1∫
0
dx {−x(1− x)}2 c2 +
1∫
0
dx {−x(1− x)}3
{
c1 + · · · + k(k + 1)(k + 2)
3
ak
}
• j = a
2
− 1
0 =
1∫
0
dx {−x(1− x)}
a
2
−2 c2
+
1∫
0
dx {−x(1− x)}
a
2
−1
{
c1 + · · · +
k · · · (k + a2 − 3)(k +
a
2 − 2)
a
2 − 1
ak
}
So we know the summation begins at j = a/2.
Substituting the values for the coefficients multiplying J ’s, we have ex-
plicitly checked that the above constraints are satisfied in our calculation.
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